We study the distributions of event-time returns and clock-time returns at different microscopic timescales using ultra-high-frequency data extracted from the limit-order books of 23 stocks traded in the Chinese stock market in 2003. We find that the returns at the one-trade timescale obey the inverse cubic law. For larger timescales (2-32 trades and 1-5 minutes), the returns follow the Student distribution with power-law tails. With the decrease of timescale, the tail becomes fatter, which is consistent with the vibrational theory.
Introduction
The distribution of asset price fluctuations has crucial implication on asset pricing and risk management [1, 2, 3] . In the seminal paper for option pricing, Black and Scholes assume that asset prices follow geometric Brownian motion, that is, the returns are normally distributed [4] . It is well-known that, for most financial assets, this assumption is merely a rude approximation at large time scale. In addition, Fama finds that the portfolio selection in a stable Paretian market is different from that in a Gaussian market [5] . It is natural that the distribution of returns remains a hot topic especially when huge databases recording transaction-level time series of stocks become available, which enables us to test classic theories and models in finance, such as the mixture of distributions hypothesis [6] .
The modeling of the distribution of price variations in financial markets can be traced back to the work of Bachelier in 1900 [7] . Let S(t) denote the price of a security at time t. Bachelier submits that the price variation
∆S(t) = S(t) − S(t − ∆t)
is an i.i.d. variable and follows Gaussian distribution with zero mean. As pointed out by Mandelbrot [8] , an implicit assumption of Bachelier's model is that the variance of ∆S(t) is independent of the price level S(t) per se, which however contradicts empirical findings. Nowadays, the logarithmic return is usually used r(t) = ln S(t) − ln S(t − ∆t) ,
which is a precise approximation of the price growth rate [9] . In addition, investors are more sensitive to the relative price changes than the absolute changes according to the Weber-Fechner law [10] . Quite a few scholars found evidence supporting the Brownian motion model [10, 11, 12] . This model is also called the BachelierOsborne model since Osborne independently rediscovered the model [9] .
More than half a century after Bachelier's work, a revolutionary breakthrough was made by Mandelbrot, who introduced the Pareto-Lévy distribution to describe the tail of incomes and speculative price returns [13, 14, 15, 16, 17] . The concept of Paretian market is soon accepted by mainstream financial scholars [9] . Using highfrequency data of the S&P 500 index, Mantegna and Stanley find that the distribution of returns can be well characterized by a truncated Lévy law [18] . Mathematically, the density of the Lévy distribution has a power-law decay in the tail
where 0 < α < 2. Pareto finds that the income distribution has a universal powerlaw exponent α = 1.5 [19] , while Mandelbrot finds that the price fluctuations of cotton give α ≈ 1.7 [17] . For the S&P 500 index, it is found that α = 1.4 [18] .
In recent years, new evidence provided by Stanley's group shows that the tail distributions of many stock indexes and stock prices for the USA markets exhibit an inverse cubic law [20, 21, 22] , where the power-law exponent is found to be close to α = 3. In contrast, empirical analyses for other stock markets have unveiled power law tail exponents other than the Lévy regime and the inverse cubic law. [26] . After removing the opening and close returns of high-frequency data for the Shanghai Stock Exchange Composite index, the tail exponents are much closer to α = 3 [27] .
There are also controversial results for some markets. An example comes from the Indian stock market. Matia et al. analyze the daily returns of 49 largest stocks in the National Stock Exchange over 8 years (1994) (1995) (1996) (1997) (1998) (1999) (2000) (2001) (2002) and find that the distribution of daily returns significantly deviates from the power-law form but decays exponentially in the form of P (r) = e −βr with the decay coefficient β = 1.34 for the positive tail and β = 1.51 for the negative tail [28] . In contrast, Pan and Sinha have studied the the daily data of two stock indices (Nifty, 1990 and Sensex, 1991 and found the daily returns are exponentially distributed followed by power-law decay in the tails (α + = 3.10 and α − = 3.18 for Nifty and α + = 3.33 and α − = 3.45 for Sensex) [29] . They also analyze the high-frequency data of 489 stocks containing the information about all the transactions carried out in the National Stock Exchange (NSE) for two-year period (2003) (2004) and observe power-law tails with α + = 2.87 and α − = 2.52 for ∆t = 5 and α ≈ 3 for ∆t ranging from 10 to 60 minutes [30] .
An alternative model for the distribution of returns is the stretched exponential family, which serves as a bridge between exponential and power-law distributions [31, 32] :
where the distribution approaches to exponential when c → 1. The stretched exponential model has a very interesting behavior when c → 0. If c(r/r 0 ) c → β as c → 0, then the stretched exponential density goes to a power law [33, 34] :
This framework is well verified by empirical analyses [3, 33, 34] .
A closely relevant issue concerns with the time scale ∆t defining the return. Roughly speaking, the tail distribution evolves from power law at small time scale to Gaussian at large scale [35] , based on the variational theory in turbulence [36, 37, 38, 39] . Numerous empirical studies have been performed in various stock prices and indexes, such as the S&P 500 index [21, 40, 41] , the U.S.A. common stocks [22] , the Hang Seng Index for the Hong Kong market [42] , and the KOSPI index and KOSDAQ for the Korean market [43] .
In this work, we utilize a nice database documenting the limit order flow and individual transactions of 23 Chinese stocks traded on the Shenzhen Stock Exchange (SZSE). For the Chinese stock market, only very few efforts were taken to investigate the return distributions [26, 27] . To the best of our knowledge, there is no literature reporting relevant results at the transaction level. Our main finding is that the stock returns obey the inverse cubic law at the transaction level and thinner power laws at aggregated timescales. The rest of the paper is organized as follows. In Sec. 2, we describe in brief the database we use. We investigate the probability distribution of the event-time returns based on individual trades in Sec. 3.1 and trade-aggregated returns in Sec. 3.2. The probability distribution of the returns on fixed intervals of clock time is discussed in Sec. 3.3. The last section concludes.
Data sets
The study is based on the data of the limit-order books of 23 liquid stocks listed on the SZSE in the whole year 2003. The limit-order book records ultra-highfrequency data whose time stamps are accurate to 0.01 second including details of every event. In 2003, there are two kinds of auctions on the SESZ, namely the call auction and continuous double auction. The former refers to the process of one-time centralized matching of buy and sell orders accepted during a specified period, while the latter refers to the process of continuous matching of buy and sell orders on a oneby-one basis. In each trading day, opening call auction is held between 9:15a.m. and 9:30a.m., followed by continuous auction (9:30a.m.-11:30a.m. and 13:00p.m.-15:00p.m.). The orders that are not executed during opening call auction automatically enter continuous auction. The limit orders submitted and canceled are identified by numbers characterizing the aggressiveness and direction (buyer-versus seller-initiated) of orders. Specifically, the buyer-initiated (or seller-initiated) orders are differentiated into six aggressive catalogs from less aggressive to more aggressive: canceled orders, orders inside the book, orders on the same best price, orders inside the spread, filled orders, and unfilled orders [44, 45, 46] . More information about the market can be found in Ref. [47] .
Empirical distribution of returns

Probability distributions of event-time returns
We adopt the midprice of the best bid b i (t) and best ask a i (t) of stock i as the price at time t after a transaction occurs:
where t is the event time corresponding to single trades. Indeed, the concept of event time was introduced some two score and odd years ago to study the distribution of returns [48] . We then define the event-time return after ∆t trades for stock i as the logarithmic midprice change:
In this section, we focus on ∆t = 1 trade. In order to treat all the returns for different stocks as an ensemble, we deal with standardized returns
where µ i and σ i are respectively the mean and standard deviation of returns for stock i.
In our analysis, we treat the 23 groups of standardized returns g i (t) as an ensemble. The empirical probability density function f (g) is estimated, as shown on the left panel of Fig. 1 . We find that f (g) can be well modeled by a Student density [49] :
where α is the degrees of freedom parameter (or tail exponent), m = g is the location parameter, L is the scale parameter, and Right: Empirical cumulative distributions P (g) for positive and negative normalized returns g. The solid lines are the least squares fits of power laws to the data with α + = 3.14 ± 0.02 for the positive tail and α − = 3.00 ± 0.02 for the negative tail.
According to the left panel of Fig. 1 , the Student density fits nicely the tails of the empirical density f (g). The fitted model deviates the empirical density remarkably for small values of |g|. For large values of |g|, the Student density function f (g) approaches power-law decay in the tails:
The empirical cumulative distributions P (g) of the event-time returns for positive g and negative g are illustrated in the right panel of Fig. 1 . Both positive and negative tails decay in power-law form with α + = 3.14 ± 0.02 and α − = 3.00 ± 0.02 in line with the tail exponent estimated from the Student model. We note that the positive and negative tails are not asymmetric. These results indicate that the standardized returns obey the inverse cubic law.
Probability distributions of aggregated event-time returns
We now turn to investigate the distributions of aggregated event-time returns, where ∆t spans several trades. By varying the value of ∆t, we are able to compare the PDF's at different time scales. Specifically, we compare the PDFs for ∆t = 2, 4, 8, 16, 32 trades with that for ∆t = 1 trade. The empirical f (g) functions averaged over 23 stocks for different time scales ∆t are illustrated in Fig. 2(a) . We represent the distribution of one-trade return for comparison. It is evident that the tail is heavier with the decrease of ∆t. This phenomenon can also be characterized by the kurtosis of the distributions. As listed in Table 1 , the kurtosis of each PDF is significantly greater than that of the Gaussian distribution whose kurtosis is 3, indicating a much slower decay in the tails. In addition, the kurtosis decreases with respect to the scale ∆t. We also notice that the PDF for ∆t = 32 trades decays slower than exponential. We have fitted the six curves using the Student density model (9) and the parameters L and α are listed in Table 1 . In Fig. 2(b) , we study the tail distributions of the aggregated event-time returns g for different time scales ∆t = 2, 4, 8, 16, 32 trades. It is observed that both positive and negative tails follow power-law distribution. We have estimated the tail exponents, which are presented in Table 1 . Note that the scaling range decreases with increasing ∆t, which is also observed for two Korean indexes [43] . As expected, the tails decay faster for larger ∆t, which is consistent with the behavior of kurtosis. In other words, the tail exponent increases with ∆t, which is validated by Table 1 . It is interesting to note that the PDF's for large ∆t deviate significantly from the inverse cubic law. We also find that α − < α < α + , which implies that the distributions are asymmetric and is in line with the positive skewness. It seems that the sign of α − − α + is not universal across different stock markets [43] . Figure 3(a) shows the empirical probability density functions of the returns for ∆t = 1, 2, 3, 4, 5 minutes. We observe a nice scaling that the five density functions collapse onto a single curve when |g| is less than 10, which is in agreement with the fact that the kurtosis listed in Table 2 remains unchanged approximately. This scaling is not surprising. Comparing the kurtosis listed in Table 2 with those in Table 1 , it seems that the five groups of the clock-time returns are comparable to those aggregated event-time returns with ∆t = 8 to 16 trades. Indeed, the tail distributions differ from each other. We have fitted the five curves to the Student model (9) and presented the parameters L and α in Table 2 . We find that α increases with ∆t, as expected. Note that these distributions decay faster than the inverse cubic law. We investigate the behavior of tail distributions of the clock-time returns g for different time scales ∆t = 1, 2, 3, 4, 5 min in Fig. 3(b) . We found several similar characters as those for the aggregated event-time returns and the reason is possibly that when the time interval becomes large, the number of trades in this interval increases. Both the positive and negative tail exponents are estimated, which have been listed in Table 2 . Again, the inequality α − < α < α + holds roughly.
Conclusion
Return is among the most important variables in the study of financial markets and its distribution has crucial implications in asset pricing and risk management. In this work, we have investigated a nice database constituting ultra-high-frequency data extracted from the limit-order books of 23 stocks traded on the Shenzhen Stock Exchange during the whole year of 2003. We have studied two types of returns based on event time and clock time, respectively. We find that the distributions of returns at different microscopic timescales (∆t = 1, 2, 4, 8, 16, 32 trades for event-time returns and ∆t = 1, 2, 3, 4, 5 minutes for clock-time returns) show power-law tails. All the distributions at different timescales can be well modeled by Student distributions with different tail exponents. For both types of returns, the tail exponent increases with the timescale ∆t and the exponent for the positive tail is greater than that for the negative tail at a fixed timescale. The inverse cubic law is observed only for the one-trade event-time returns. 
